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MECHANICAL ENGINEERING
APPLIED MATHEMATICS 111
CBCGS(NOV- 2019) Q.P.Code: 68650

Q1 a) Find Laplace transform of f(t) = e sin3t.cos2t. (5)

sin2t.sin3t = % 2sin3tsin2t = _71[c035t — cost]

.-.L(sin2t.sin3t):_71[L(c035t)—L(cost)]:_71[ -2 ]

s2+52  s2412
Now, by shifting theorem,

-1 s+4 s+4

At ; — —
L(e* sin2t.sindt) = — [ — o7 ]

_ -1 [ s+4 s+4 ]
2 's24+8s+41  s2+48s+17
12(s+4)

"~ (s2+ 8s+41)(s2+ 8s+17)

Q1 b) Show that the set of functions f(x) = 1, g(x) =x are orthogonal
on (-1,1). Determine the constants a and b such that the function
h(x) = 1+ax+bx? is orthogonal to both f(x) and g(x). (5)

1 1

f_l f(x).g(x)dx = f_l(X)dx =0

Hence, the given sets are orthogonal on each other over (-1,1).
1 1

f_l f).h(x)dx =0 - f_l 1.(—1+ax + bx?)dx =0

Ax+ 2y B n2+2-0  .p=3
2 3 3

[+ 22 4 Do a=0
2 3 4
~h(x)=3x?-1

Q1 c) Evaluate [(z% — 2Z + 1) dz where C is circle |z| = 1. (5)
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Putting the values in the equation,

[(z* —2Z+ 1) dz =
0 goes from 0 to 27

[(e®)2 —2e71® +1)iel%dB

= fozn(e2ie —2e79 1+ 1)iel%d0

= ifom(e3ie —2e% +el®)de

. e3i0 ol®
= I[? — 20+ T]
ebim . . 1
= [T—4m+e‘2“]—[§+ 1]
= [ % (cos6m + isin 6m) — 4im + (cos 2 +

isin 2m)] —g

“ (22 -2Z+1)dz=-4in

Q1 d) Compute the Spearman’s Rank correlation coefficient R and

Karl Pearson’s correlation r from the following data, (5)
X 12 17 22 27 32
y 113 119 117 115 121
SrNo| X [X [x2 |Y |y |y* |[xy |Ri |R2|(R1-
R2)?
1 12 |-10 [100 | 117 |-4 |16 |40 |5 5 |0
2 17 |-5 |25 |119 |2 |4 |-10 |4 4 |4
3 22 |10 |0 117 |10 |0 |0 3 3 |0
4 27 |5 25 |115 -2 |4 |-10 |2 2 |4
5 32 |10 |100 |121 |4 |16 |40 |1 1 |0
N=5 110 585 40 |60 8
_ 6y D% _ o _ 110 o _ 585 _
R—l-NS_N—O.6 X=—=22,Y=—=117
L Xy
r=—=———=0.6
VIX2Xy?
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sin

= du dt

2.a) Using Laplace transform, evaluate f0°° et f;

u

1

L (sinu) = D

sin o ds
= | == — tan'ls = cot s
s (s?+1) 2

L (

u

A L(f T du) = ~ cot'’s

u

tsinu
0 u

Now, fooo e st du dt = % cotls

Puts =1,

. (% _t ctsinu _ e T
“fy et — du dt = cot’s =

(6)

2.b) Find an analytic function f(z) = u +iv, if
u=eX{(x*-y? cosy + 2xysin y}

f(z) = u +iv

u=eX{(x?>-y? cosy + 2xysin y}

Ux = cosy[e™X(2x) + (x% —y?) eX] + siny[e*(2y) + 2xy ]

Uy = eX[(x2 — y?) (-siny) — cosy(-2y)] + e [ 2xycosy — siny2X]

f“(2) = ux—iuy

(6)

= cosy[eX(2x) + (X% - y?) eX] + siny[eX(2y) + 2xy €] — i{ eX[(x?

— y?)(-siny) — cosy(-2y)] + e [ 2xycosy — siny2x]}
Put x=zand y=0

~f7(z2)= (2ze? + €777

“f(2)=[(2ze —z + e —zz2)dz

~ f(z) = -4ze* - 3¢ — 7%

2.c) Obtain Fourier series of f(x) = x? in (0,2m). Hence, deduce

that-
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Letc=0andc+2l=27

=
_ 1 rc+2] _1p2m 5 _8m
aO_ch f(x)dx _Efo x?dx =—
_ 1 rc+2] nmx _12m 5 nmx
dn = ch f(X) COST dx = - fO X COST dx

Solving the above integral and applying the limits, we get

_ 4
an—F

bn = %fCHZl f(x) sin? dx = %fozn X2 sin% dx
Solving the above integral and applying the limits, we get

—41
by = 21
n

In Fourier series,

__ Qg 0 nmx 0 . hTmx
F(X) = > + ) 01 ap COS - + Y n=q b, sin > i
8m?/3 4 nmx —4T ., nmx
2 — 00 0
X = + _1—COS—— + —1—SIn—
3 Zn—l n2 - Zn—l n T
4172 cos1lx = cos2x . cos3Xx sin1lx = sin2x
WX = — + 4 + + o 1-4n[ +
3 12 22 32 1 2
sin 3x ]
3 Tt
Deduction: Put X = 1t
4172 Cos 1Tt . COS2T  COS3T sin1m  sin2m
2= —+ 4] + + o 1-4mnf +
3 12 22 32 1 2
sin 3Tt
+...]
3
n? 4[—1 41 1 1-0
3 12 22 32

OUR CENTERS:

KALYANTDOMBIVLTT THANE TNERUL TDADAR
Contact - 9136008228




j DEGREE & DIPLOMA
ENGINEERING

2
3.a) Using Bender- Schmidt method, solve 27‘2’ - 3—‘: =0, subject to

the conditions, u(0,t) =0, u(4,t) = 0, u(x,0) = x3(16 — x?) taking h
=1, for 3 minutes. (6)

a=1 h=1

k:¥§:05

We divide x interval into 4 parts by taking h=1

We also divide time interval by taking k =0.3 up to 3

th=0,1=056=113=150u=2,t15=251t=3

By data, u (0,t) =0

Hence, forall x=0andt=0,05,1, 15,2,25,3

~u(0,t)y=0forallt.

By data, u(4,t) =0

Hence, forall x=4andt=0,05,1,15,2,25,3

Now, u(x,0) = x?(16 — x?)

We now calculate u for t=0 and x=1,2,3,4

When x=0, t =0, u=0%16-0%=0
x=1,t=0, u=1%16-1%=15
x=2,t=0, u=2%16 —22%) =48
x=3,t=0, u=3%16 -3%) =63
x=4,t=0, u=4%16-4=0

Now, ¢ —atb
2
t,X 0 1 2 3 4
0 0 15 48 63 0
0.5 0 24 39 24 0
1 0 19.5 24 19.5 0
1.5 0 12 19.5 12 0
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2 0 9.75 6 9.75 0
2.5 0 3 9.75 3 0
3 0 4.875 3 4.875 0

3.b) Using convolution theorem, find the inverse Laplace
transform of

_ s2+s
F(s) = (s2+1)(s2+2s+2) (6)
_ S+ _ S
Let P1= (s2+2s+2) and P2 = (s2+1)
A4St _ Lt — ol -1 -
(s+1)2+1) @ - eeost Ly = cosu
1 s+1 _
L [(52+Zs+2) (sZ+1) f e~ Ucos u .cos(t—u)du
——f e "[cos (2u— 1) + cost] du
= % [% e Y[—cos(2u—=t) + 2sin(2u —t) — e “cos t]
= 1—10 [e”'[(2sint — 6cos t) + (2sint + 6cost) ]

3.0) Using Residue theorem, evaluate

X zZ - —
) f > a0 ||) imdz , C: |Z| =15 (8)
) f 2+cos0

. . -1
el =7 i e1%d6 = dz % = df and cosf = 22
sl=¢ [2+;—+1] .% —95 z2+4 where C is the circle |z| =
27

Now the poles of f(z) are given by z? + 4z + 1 =0
~z=-2+V3
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Both the poles are of order 2. But the pole o = —2 — /3 lies outside
the circle and the pole B = —2 + V3 lies inside the circle.

. 1 = = D - 2 -
~ Residue at (z = B) = lmé e [z B) (2_3)2(z—a)2]

Solving the above limit, we get
B+a
(B-a)3
But, B+a=—4andB—a=2\/3

1
24\/3 6V3

~ Residue (atz=p) =

4 _41[

Com &L
s 1=2mi. 6vV3 33

.. y/ . _
II) ﬁmdz , C: |Z| =

Now, the poles are given by (z + 1)%(z—2) =0
~z=-12

The pole z = -1 lies inside the circle |z| = 1.5 and the pole z = 2 lies
outside.

ZZ

Now, the residue of f(z) (atz =-1) = lim ——[(z +D* e

d 72

zllml dz [ (z— 2)2]
1 (z—2)?.2z-2%2.2 (z-2) ; _ —47 —4
B zlir&[ (z—2)* ] le)ml[ (z— 2)3] 27
| = 2mi, = = 2™
27

4.a) Solve by Crank Nicholson simplified formula — -16— 0,

u(0,t) =0, u(1,t) — 200t, u(x,0) = 0 taking h = 0.25 for one t|me
step. (6)

a=16and h=0.25
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k=ah?=16x —=1

Now, Xo =0, X1 =0.25, X2 =0.5,x3=0.75, x4 =1

By data,

When t=0, u=0, x =0, 0.25, 0.5, 0.75, 1.00

When x =0, for all values of t, u=0 when t =0,1

When x =1 and t =0, u =0 and when x =1, t=1, u =200 x 1 =200.

t,X 0.00 0.25 0.50 0.75 1.00
0 0 0 0 0
1 0 Up Uz Us 200

e = (atb+c+d)

Up = i ( 0+0+0+up) = ux/4

Uz = i ( 0+0+u1+usz) =u1+ uz/4
Us = 7 ((0+0+Uz+Us) =Up+ 200/4

" Up= i (Ua/4 + Ug+ 200/4)

~ Uz = 100/7

U1 = Uo/4 = 25/7

Us = U+ 200/4 =375/7
The final table is:

t,X 0.00 0.25 0.50 0.75 1.00
0 0 0 0 0 0
1 0 3.5714 |14.2857 | 53.5714 | 200

4.b) Obtain the Laurent series which represent the function

47+3

f(z) = ey in the regions, i) 2 <|z| <3 i) |z| >3 (6)
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_a b c
&=+ 5t
~ 4z +3 = a(z-3)(z-2) + b z(z+2) +c z(z-3)
When z =0, 3=-6a ~a=-1/2
When z = -2, -5=10c nc=-1/2
When z = 3, 15 =15b ~b=1
. 4z+3 -1 11
B z(z—3)(z+2) "2z z-3 2(z+2)
When 2 <|z| < 3,
-1 1 1
f(z) = 2z 3T 2(z+2)
_ —_1 ) 1 _ 1
f(2)= 2z 3(1-3)  2z(1+2/7)
-1 1 z  z° 1 2 27
_Z-E(1+§+?+)-Z(l+;+z_2+ ....... )
When |z| >3
-1 1 1
) =2+ z-3  2(z+2)
-1 1 1
f(Z)— 22 Z(1_2) - 2z(1+2/z)
_ -1 1 3, 32 1 2 2%
_Z-;(1+;+Z_2 ....... )-£(1+;+Z—2+ ....... )
4.c) Solve (D? = 3D +2) y = 4e? with y (0) = -3 and y’ (0) = 5 where
_d
D= p” (8)
L(y)=y

Taking Laplace transform,

L(y””) = 3L(y") + 2L(y) = a L(4e*)

But, L(y’)=sy y(0) =sy + 3

And L(y”) =s%y - sy(0) — y’(0) = s?y +3s — 5
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- the equation becomes,
sy +3s —5 - 3(sy + 3) + 2y = 45_%

Solving both sides, we get

_ 7 4 4
Y= s—1 + s—2 * (s—2)2

Taking inverse Laplace transform,

4
(s—2)2

— 71 1L a1 -1
y=-7TLH=) + 4L )+ 4L
=76l L1 + 4 @21
s s2

= -7e' + 4e” + 4ie?

5.a) Find the bilinear transformation under which 1, i, -1 from the

z plane are mapped onto 0,1,00 of w-plane. (6)
Let the transformation be w = X2
cz+d

Putting the given values of z and w, we get,

a+b ai+b —a+b
0=— 1== 00 =
c+d ci+d —c+d
~a+b=0 ~b=-a
~-c+d=0 ~ d=c
Now,
al=b=ci+d ~al-a=ci+c ~ai+b=ci+d
~al—a=ci=c a(i-1) =c(i+1)
i-1 (i2-2i+1) .
s C=a— s C=a———=al
1+1 14—1
. .Z—1
d=c=ai oW S -
Z+1

Now, when |w|=1, |-iZ= | =1
z+1

o |z-1] = |z+]|
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& |(x-1) -iy)| =|(x+1) + iy]
s (X-1)7 +y? = (x+1)% + y?
- 4x =0 s X =0

Hence, the map is in y axis.

5.b) Find the Laplace transform of
f)=t,0<t<m
n-t m<t<2m and f(t+2 m) = f(t) (6)

Since, f(t) is periodic with period a = 2m, we have

Jy esH(D)dt

1
1-e~as

Lf(t) =

=———[f; e~ tdt+ [T e (- O)dt

T 1—e—2ms LJg
Solving the above equation, we get

1-(14+ms)e™ ™
s2(1+e~Ts)

Lf(t) =

5.c) Obtain half range Fourier cosine series of f(x) = x, 0 < x<2.
Using Parseval’s identity, deduce that —

=+ttt (8)
Let f(x) = a + Yl a,cos—— here I=2.
1 1
k- fo f(x)dx =1
oan = % f; f(x)cos?dx

Solving the above equation, we get,

cosnm 1 [(-1)™-1]
= . + — (0 - =
an (2 (O) DZT[Z/ZZ n21-[2/22) nZT[Z/ZZ
8 1 X 1 3TX
... : -— - — - _—|_
X=1-— [z cos—+—5 cos—+....... ]
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By Parseval’s identity,

= JFGO1?dx =~ [280° + 8’ + a2 + .. ]

: =1 hzax =4

» LHS =2 [ [x]?dx = ¢

4 1 64 1 1 1
'.°§:E[2+§{F+;+§ ......... H

4

T 1 1 1
.’_—:_4+_4+_4+...
96 1 3 5

6.a) Using Contour Integration, evaluate:

[ _XAXA2 o (6)

oo x44+10x2+9

_ X%+4x+2
f(x) = x4+10x2+9

_ Z%+z+2
f(z) = 74+1022+9

For poles, z*+10z% + 9 =0

Solving the equation, we get

z=4iandz = +3i

z = 1,3i are the poles which lie inside the circle.

Residue of f(z) at z =1 is:

: . z2+7+2
= lim@ — Dl 720
s : z2+z+2
=lim(z = D)] @@+ D)
iy : z2+z+2
‘IZIL?(Z — DI (z2+9)(z+i)(z—i)]
— 1+
"~ 16i

Residue of f(z) at z =3i is:

. . 7% 47+2
= lim(z = Dl o]
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) i 7% 47+2
- lzl_r)ril(z ! (z2+9)(z2+1)]
. . 72 +7+2
- lzlf,ril(z ! (z—3i)(z+3i)(z2+1)]
_7-3i
" 48i

. 5
Sum of residues ;= —
241
5 _5m

.foo X2 +x+2 — omi
— "24i 12

o0 x4+10x24+9

6.b) Using least square method, fit a parabola, y= a+bx+cx? to the

following data, (6)

X -2 -1 0 1 2

y -3.150 -1.390 0.620 2.880 5.378

Sr. No | x y x? x3 x* Xy X2y

1 -2 -3.150 |4 -8 16 6.300 |-
12.600

2 -1 -1.390 |1 -1 1 1.390 |-1.390

3 0 0.620 |0 0 0 0.000 |0.000

4 1 2.880 |1 1 1 2.880 |2.880

5 2 53/8 |4 8 16 10.756 | 21.512

N=5 |0 4338 |10 0 34 21.326 | 10.402

The normal equations are
Yy=Na+bYx+cYx? ~4338=5a+10c
Yxy=axyx+bYx?+cYx® ~21.325=10b

Yx’y=aXYx?+bYx3+cYx* - 10.402 = 10a + 34c

Solving these three equations, we get
a=0.621, b =2.1326, c= 0.1233

Hence, the parabola is y = 0.621 + 2.1326x + 0.1233x?>
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6. c)Determine the solution of one dimensional heat equation Z—“ =

c? a_2 > under the boundary conditions u(0,t) = 0, u(l,t) = 0, u(x,0) =

X,(0< x <), I being the length of the rod. (8)
i ou _ 20u
The equation of heat flow = ¢ (D)

Since the temperature of the two ends of the rod are zero, its
solution is of the form

u = (cq cosmx + ¢, sin mx)e_mzczt ...... (2)
Using initial conditions,
(i) u=0when x =0, we get, from (2) 0 = ¢ emmc’t
~cp =0
~the solution (2) becomes  u = c, sinmx gmmic’t (3)
(i) u =0 when x=I, we get, from (3) 0 = ¢, sinml g~mec’t

nTt
ml=nnt  therefore m = )

nmx —I‘lT[Ct

Hence, the general solutionis u = ), b, sin— —e 12
(4)
nmx

(i) When I =0, u=x,wegetfrom(4) Y b, nSin— ... (5)

But this is a half-range Fourier sine series for the function f(x) = x in
the range O to |.

b= xsn = = 2[00 (~ eos ™) (1) (- Fon )

n2m2

2 12 21
= —[——COS nm| = ——cCcosntm,n = 1,2,3 ...... (6)
1 nm nT

Hence, from (4) we get solution as

u= —sin—e 12 ——sin—-=¢e 12 4 ...

2111 mx g2zl 1 | 2mX _4p2c2l l
1 1 2 1
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